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A reduced model for fingering instability in miscible displacement
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Abstract

The classical problem of fingering instability in miscible displacement is revisited. The finger-forming dynamics is considered as a multiple-
scale process involving a thin inter-diffusion layer and large-scale background flow affected by the viscosity and/or density stratification. Upon an
appropriate separation of ‘fast’ and ‘slow’ variables one ends up with a reduced model dealing directly with the evolving displacement front. As
an illustration, the new model is applied for description of fingering in a source-supported flow and in a flow within a vertical channel.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

In oil recovery technology it is common practice to inject a
solvent into the oil field at certain spots in an attempt to drive
oil to certain other spots for pumping. In this process, if the sol-
vent is less viscous than the oil, the phenomenon of fingering
has long been identified. The solvent, which is intended to push
the oil forward, tends to penetrate the oil through spontaneously
formed multi-branched channels (fingers). As a result, the ad-
vancing displacement front assumes a highly corrugated coral-
like configuration [1–3]. A morphologically different kind of
fingering (meandering worms) occurs in superimposed misci-
ble fluids, provided the upper fluid is heavier [4].

Since the solvent and the oil are miscible there is no sur-
face tension separating the fluids. As a result the displacement
front widens continuously due to the solvent-oil inter-diffusion,
rendering the basic concentration profile time dependent. The
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unsteadiness of the profile is a major complicating factor in the-
oretical exploration of the problem. Most of the previous work
on the subject therefore adopted the so-called quasi-steady-
state approximation (QSSA) which assumes the growth rate
of disturbances to be much faster than the rate of change of
the basic state [5–8]. Although QSSA captures some of the
salient features of the system quite successfully [9], it runs into
difficulty in the long-wavelength limit where the growth rate
of disturbances vanishes, thereby violating the basic premise
of the QSSA. In the present Letter we consider the opposite
limit where the spatio-temporal structure of the disturbances is
assumed to be slowly-varying compared to that of the inter-
diffusion layer. The asymptotic separation of spatio-temporal
variables then leads to a compact reduced model dealing di-
rectly with the displacement front and its finger-forming dy-
namics.

2. Formulation

Assuming that the porous medium is homogeneous with a
constant permeability K , the flow u is incompressible, the dif-
fusivity D is isotropic, the governing equations may be writ-
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ten as

(1)∇ · u = 0,

(2)∇P = −(
μ(c)/K

)
u + ρ(c)g,

(3)ct + u · ∇c = D∇2c.

Eqs. (1), (2) are the continuity equation and Darcy’s law, while
Eq. (3) is the diffusion equation for the solvent concentration c;
g is the gravity vector. The concentration is set at unity far be-
hind the displacement front and at zero far ahead. The front
is identified with the iso-concentration interface, c = 1/2. It is
further assumed that the relationships between the viscosity μ,
density ρ and concentration c are known. For simplicity of the
further analysis, yet without much detriment to general under-
standing, the discussion is restricted to stepwise dependencies
(see also Section 9),

μ = μa, ρ = ρa at 0 < c < 1/2,

(4)μ = μb, ρ = ρb at 1/2 < c < 1.

The subscripts a, b mean ahead and behind the displacement
front (c = 1/2). The ratio λ = K/μ is referred to as the mobil-
ity of the system.

3. Intrinsic geometry and front-attached coordinates

In order to make the analysis tractable the diffusion equation
(3) will be written in front-attached Betrand intrinsic coordi-
nates, instantaneously normal and parallel to the displacement
front. Details of the transformation between Cartesian and Be-
trand coordinates may be found in Refs. [10–12]. For brevity,
we restrict the discussion to two dimensions. In the extension to
three dimensions the curvature K which appears in the theory
is the sum of the principal curvatures.

The Betrand coordinates (s, n) are related to the Cartesian
coordinates r = (x, y) by the change of variables given by

(5)r = R(s, t) + nN(s, t),

where R(s, t) is the evolving interface. N(s, t) is the unit nor-
mal to the interface directed towards the fluid ahead of the
interface. s is the arclength measured along the interface, and n

is the distance from the interface.
In the intrinsic coordinates the flow velocity may be written

as

(6)u = usT + unN,

where T = ∂R/∂s is the unit tangent vector to the interface. The
continuity (1) and diffusion (3) equations then become

(7)
∂un

∂n
+ Kun

1 + nK + 1

1 + nK
∂us

∂s
= 0,

(8)

(
∂c

∂t

)
n

− Vn

∂c

∂n
+ us

1 + nK
∂c

∂s
+ un

∂c

∂n

= ∂2c

∂n2
+ K

1 + nK
∂c

∂n
+ 1

1 + nK
∂

∂s

(
1

1 + nK
∂c

∂s

)
.

Here K = ∇ ·N is the curvature of the interface, Vn = ∂R/∂t ·N
is its normal velocity. (∂c/∂t)n is the intrinsic time derivative
along the normal N. There is a simple connection between the
intrinsic time derivative and partial time derivative at constant s

[10],

(9)

(
∂c

∂t

)
n

= ∂c

∂t
+ Vs

∂c

∂s
,

where Vs is the arclength rate of stretch,

(10)Vs =
(

∂s

∂t

)
n

=
s∫

0

KVn dŝ.

For the total arclength L of the evolving interface Eq. (10)
yields

(11)
dL

dt
=

L∫
0

KVn dŝ.

4. Scaling and asymptotic analysis

Assume that at t = 0 the concentration profile is given by the
step-function,

(12)c(n < 0) = 1, c(n > 0) = 0,

and the interface is weakly curved,

(13)K ∼ ε, ε � 1.

Then, one may expect that at t > 0 the spatio-temporal structure
of the developing solution will involve short-range variables n,
t , associated with the widening inter-diffusion layer, and long-
range variables εn, εξ , εt , associated with the curved interface
and flow-field away from the interface.

Since at εn ∼ 1 the concentration is expected to be exponen-
tially close to the initial profile (12) one may exclude εn from
its spatial variables. Thus,

(14)c = c(n, t, εs, εt).

For stepwise dependencies (4) the hydrodynamic field is not
directly affected by the processes within the diffusion layer, and
one therefore may exclude n, t from its variables. Thus,

(15)u = u(εn, εs, εt).

The prior removal of certain variables allows to somewhat re-
duce algebraic manipulations (see also Section 9).

In terms of the scaled variables,

(16)κ =K/ε, ξ = εs, η = εn, τ = εt.

Eqs. (7), (8), applied to the diffusive layer (n ∼ 1), yield

∂c

∂t
+ (ūn − Vn − εκD)

∂c

∂n
+ ε

∂c

∂τ
+ ε(Vs + ūs)

∂c

∂ξ

(17)−εn
∂ūs

∂ξ

∂c

∂n
− εnκūn

∂c

∂n
= D

∂2c

∂n2
+ O

(
ε2).

Here ūn = un(η = 0), ūs = us(η = 0).
For the zeroth-order approximation Eq. (17) yields

(18)c(0) = 1 − 1
erf

(
n − (ūn − V

(0)
n )t√

)
,

2 2 2 Dt
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which meets the boundary conditions at n = ±∞. The condi-
tion c(0)(n = 0) = 1/2 (Section 2) then readily implies

(19)V (0)
n = ūn,

(20)c(0) = 1

2
− 1

2
erf

(
n

2
√

Dt

)
.

Thus, c(0) does not involve the long-range variables ξ and τ .
That is, εcτ = O(ε2) and εcξ = O(ε2). As a result, for the first-
order approximation, c = c(0) + εc(1) +O(ε2), Eq. (17) may be
written as

∂c

∂t
+ (ūn − Vn − εDκ)

∂c

∂n
− ε

(
∂ūs

∂ξ
+ κūb

)
n

∂c

∂n

(21)= D
∂2c

∂n2
+ O

(
ε2).

The term εn∂c/∂n = εn∂c(0)/∂n + O(ε2) is an odd function
which does not affect the solution at n = 0. Hence, the condi-
tion c(n = 0) = 1/2 applied to the relevant solution of Eq. (21)
yields

(22)Vn = ūn − εDκ = ūn − DK.

The curvature term DK provides dissipation of the short-
wavelength disturbances, thereby ensuring well-posedness of
the associated initial value problem. Eq. (22) effectively re-
places the diffusion equation (3). Being considered jointly with
Eqs. (1), (2) and (4), Eq. (22) reduces the problem of miscible
displacement to a free-interface problem.

5. Evaluation of ūn

By virtue of Darcy’s law (2) and conditions (4) the pressure
beyond the interface is described by the Laplace equation,

(23)∇2P = 0,

which should be considered jointly with the jump conditions on
the interface,

(24)[∇P · N]ab = −J (s, t),

(25)[P ]ab = 0,

where

J = (
λ−1

a − λ−1
b

)
ūn − (ρa − ρb)gn,

(26)gn = g · N, λ = K/μ.

A further analysis of the system may therefore be conducted
in the framework of the classical theory of the Newtonian or
logarithmic potentials [13], allowing to connect the shape of
the interface with the normal velocity ūn appearing in Eq. (22).
In this Letter, the discussion is restricted to two geometrical
situations: (i) the displacement front as a closed curve L evolv-
ing through a two-dimensional zero-gravity flow sustained by a
point-source of a prescribed intensity Q,

(27)g = 0, u = Q

2π

r
|r|2 at r → 0,
and (ii) displacement in a vertical channel (0 < x < �, −∞ <

y < ∞) with periodic boundary conditions at the walls,

(28)g = (0,−g), u(x,±∞, t) = u∞ = (0, u∞).

For the source case (i),

(29)P = Q

2πλb

ln
1

|r| + 1

2π

∫
L

JG(r − r̂) dLr̂,

where

(30)G = − ln |r − r̂|.
On the b-side of the interface,(

dP

dn

)
b

= − Q

2πλb

r · N
|r|2 + 1

2

(
1

λa

− 1

λb

)
ūn(r, t)

(31)

− 1

2π

(
1

λa

− 1

λb

)∫
L

ūn(r̂, t)(r − r̂) · N(r)
|r − r̂|2 dLr̂.

The pertinent calculations may be found in Ref. [13].
According to Eq. (2),

(32)

(
dP

dn

)
b

= − 1

λb

ūn.

Eqs. (32) and (31) then imply

Q

2πλb

r · N
|r|2 = 1

2

(
1

λa

+ 1

λb

)
ūn(r, t)

(33)

− 1

2π

(
1

λa

− 1

λb

)∫
L

ūn(r̂, t)(r − r̂) · N(r)
|r − r̂|2 dLr̂.

Eqs. (22), (33) fully determine the dynamics of the interface.
For the channel case (ii),

P = 1

2
(ρa + ρb)g · r − 1

2

(
λ−1

a + λ−1
b

)
u∞ · r

(34)+ 1

2π

∫
L

JG(r − r̂) dLr̂ ,

where

(35)

G(r − r̂) = −1

2
ln

[
sin2

(
π(x − x̂)

�

)
+ sh2

(
π(y − ŷ)

�

)]
,

and the equation for ūn(r̂, t) reads

1

2

(
1

λa

+ 1

λb

)
ūn(r, t)

+
(

1

λa

− 1

λb

)
1

2π

∫
L

ūn(r̂, t)∇rG(r − r̂) · N(r) dLr̂

= 1

2

(
1

λa

+ 1

λb

)
un,∞(r, t)

(36)

+ (ρa − ρb)
1

2π

∫
L

gn(r̂, t)∇rG(r − r̂) · N(r) dLr̂.

Here un,∞ = u∞ · N.



I. Brailovsky et al. / Physics Letters A 369 (2007) 212–217 215
6. Numerical strategy

The normal advancement of the interface R = (x(s, t),

y(s, t)) at the rate Vn is automatically ensured if one sets

(37)
∂x

∂t
+ Vs

∂x

∂s
= Vn

∂y

∂s
,

(38)
∂y

∂t
+ Vs

∂y

∂s
= −Vn

∂x

∂s
,

where 0 < s < L(t), and Vs , L are defined by Eqs. (10), (11),
with K = yssxs − xssys , x2

s + y2
s = 1.

Eqs. (37), (38) are purely geometrical statements valid for
any Vn. The interface dynamics is specified by the relation (22)
where ūn is defined by Eq. (33) or (36). Eqs. (37), (38) are con-
sidered jointly with the following periodic boundary conditions.

For the source problem,

x(0, t) = x(L, t), y(0, t) = y(L, t),

(39)xs(0, t) = xs(L, t), ys(0, t) = ys(L, t).

For the channel problem,

x(0, t) = x(L, t) + �, y(0, t) = y(L, t),

(40)xs(0, t) = xs(L, t), ys(0, t) = ys(L, t).

The boundary conditions should be supplemented by initial
conditions, x0(s) = x(s,0), y0(s) = y(s,0), L0 = L(0).

The quasi-steady nature of Eqs. (33), (36) prevents eval-
uation of ūn(s, t) as a solution of an initial value problem.
Yet, ūn(s, t) can be successfully calculated through the itera-
tive procedure [21]. As the zeroth approximation one may take
ū

(0)
n = Q/L0 for Eq. (33), and ū(0) = u∞ for Eq. (36), pertain-

ing respectively to the undisturbed radial and rectilinear flows.
The initial configuration x0(s), y0(s) is conveniently given

in terms of the angle Θ(s) between the normal to the front and
some fixed direction, say, the x-axis,

(41)
∂x0

∂s
= − sinΘ,

∂y0

∂s
= cosΘ.

For the source geometry we set

(42)Θ = 2πs/L0 + a sin(2πns/L0).

For the channel geometry,

(43)Θ = π/2 − a cos(2πs/L0).

Note that at a � 1, L0 = � + O(a2).

7. Numerical simulations for the source geometry

In this case the system does not have an intrinsic length-
scale. So rref = L0/2π , uref = Q/rref, tref = rref/uref, Dref =
rrefuref are utilized as the reference length-, velocity-, time-, and
diffusivity-scale, respectively.

Fig. 1 presents results of numerical simulations for the initial
condition (44) at λa/λb = 0.0015, D/Dref = 0.001, a = 0.05,
n = 6. A small perturbation imposed on a circular front re-
sults in a rapid development of permanently growing primary
and secondary fingers. The latter are likely to undergo further
Fig. 1. Source geometry. Displacement front at several consecutive instants of
time. λa/λb = 0.0015, D/Dref = 0.001, a = 0.05, n = 6, (X,Y ) = (x, y)/rref,
0 < t < 180tref. The time-interval between the plotted curves is set at 3tref.

fractalization leading to a highly convoluted coral-like configu-
ration. Such an intricate behavior, though perfectly in line with
observations [1–3], is still rather puzzling. It has long been ar-
gued, in the context of related pattern forming systems [14–16],
that the complex dynamics might be the system’s response to an
ever present background (e.g. numerical) noise. In the intrinsi-
cally stable case (λb < λa) the impact of noise is too insignifi-
cant to cause a disturbance of the advancing front. However at
λb > λa the noise may play an important role of a permanently
acting trigger supplying small but finite disturbances rapidly
magnified by the intrinsic instability.

8. Numerical simulations for the channel geometry

Here the discussion is restricted to two limiting cases: (i) fin-
gering due to viscosity contrast (λb > λa) at ρa = ρb , and
(ii) fingering due to density contrast (ρa > ρb) at λa = λb and
u∞ = 0.

At λa = λb the integral term on the right of Eq. (36) van-
ishes, and one ends up with an explicit expression for ūn, with
all advantages this entails.

In the first case (i), as may be easily shown, the response of
a planar interface to small harmonic perturbations (∼ exp(ωt +
ikx)) yields the following dispersion relation,

(44)ω = u∞
(

λb − λa

λb + λa

)
k − Dk2.

Eq. (44) suggests the following set of the length-, time-, and
velocity-scales associated with the maximum growth rate ω of
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Fig. 2. Channel geometry with periodic boundary conditions. Displacement
front at several consecutive instants of time; ρa = ρb , λa/λb = 0.0015,
a = 0.05, � = 60πrref (X,Y ) = (x, y)/rref, 0 < t < 81tref. The time interval
between the plotted curves is set at 1.8tref.

small perturbations,

rref = 2D

uref

(
λb + λa

λb − λa

)
, tref = 2rref

uref

(
λb + λa

λb − λa

)
,

(45)uref = u∞.

Fig. 2 presents results of numerical simulations for initial-
boundary conditions (40), (43) at λa/λb = 0.0015, a = 0.05,
� = 60πrref. As one would anticipate, the incipient dynamics
follows predictions of the linear analysis. However, with the
passage of time the system undergoes ‘inverse cascade’. The
development of small-scale corrugations slows down giving
way to formation of a single coral-like finger. Such a behav-
Fig. 3. Channel geometry with periodic boundary conditions. ρa > ρb ,
λb = λa , u∞ = 0, a = 0.05, � = 30πrref, (X,Y ) = (x, y)/rref. The shown
configuration corresponds to t = 100tref over the doubled spatial period (2l).

ior is indeed in line with experimental observations [17] and is
quite common to many pattern-forming systems [4,18–20].

In the second case (ii) the dispersion relation reads

(46)ω = 1

2
λg(ρa − ρb)k − Dk2.

Here the reference scales associated with the maximum ω are

rref = 2D/uref, tref = 4D/u2
ref,

(47)uref = λg(ρa − ρb)/2.

Figs. 3(a) and (b) present results of numerical simulations for
initial-boundary conditions (40), (43), at a = 0.05 and � =
30πrref. The morphology and dynamics of fingering (meander-
ing worms) are strikingly similar to those observed experimen-
tally [4].

9. Concluding remarks

In modeling fingering instability we tried to bring into the
formulation only the most essential ingredients in their sim-
plest form. Since the instability is conditioned by the viscosity
and/or density contrasts, the simplest way to elucidate their im-
pact is through adoption of stepwise dependencies (4). This is
by no means an overly drastic assumption as far as the physical
understanding is concerned. In principle, in the limit of strong
scale separation considered in the Letter, the problem remains
perfectly tractable even when the viscosity and density vary in
a continuous fashion. In this situation the hydrodynamic field
acquires a finite width boundary layer along the interface. The
associated mathematical problem may be tackled by the con-
ventional machinery of matched asymptotic expansions. The
emergence of the boundary layer, however, can not effect the
large-scale (outer) dynamical picture, which still will be gov-
erned by Eq. (22).

Unlike the dispersion relation of the QSSA theory (Sec-
tion 1), in the current study the dispersion relations (44), (46)
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are time-independent, despite the unsteadiness of the basic so-
lution. Such an outcome is clearly valid only for a limited
time-period, t � tref. Beyond this interval the width of the inter-
diffusion layer becomes comparable with that of the fingers,
invalidating the concept of the scale-separation employed in
the Letter.

A relation functionally similar to (22) was recently offered
for the description of immiscible displacement [21]. However,
in [21] the free-interface model is not a rigorous asymptot-
ics extracted from the original Buckley–Leverett formulation,
but rather a geometrically-invariant extrapolation from the lin-
ear analysis data [22]. A more systematic exploration of the
problem produces an evolution equation distinct from (22), in
which the short-wavelength dissipation is provided by the flow
induced ‘stretch’ of the interface, rather than curvature. This
in turn markedly affects the morphology of the developing fin-
gers. A comparative study of the pattern forming dynamics in
miscible and immiscible systems will be presented elsewhere.
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