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Stability for a class of nonlinear pseudo-differential equations
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Abstract

We study a class of nonlinear evolutionary equations generated by a pseudo-differential operator with the elliptic principal
symbol and with nonlinearities of the form G(ux ) where cη2

≤ G(η) ≤ Cη2 for large |η|. We demonstrate existence of a universal
absorbing set, and a compact attractor, and show that the attractor is of a finite Hausdorff dimension. The stabilization mechanism
is similar to the nonlinear saturation well known for the Kuramoto–Sivashinsky equation.
c© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

The present letter communicates our recent results regarding dissipativity for a broad class of nonlinear equations
of the form

ut + G(ux ) = P(D)u (1)

where P(D) is a linear elliptic pseudo-differential operator of the order 2m. Eq. (1) may be viewed as a generalization
of the Kuramoto–Sivashinsky (KS) equation [10,9,12]. A similar generalization was studied by Nicolaenko et al. [11]
under an assumption of the invariance with respect to reflection for both the equation and solutions.

The nonlinearity in (1) is of a more general form than the conventional purely quadratic function. We allow the
functions G(η) satisfying c2

minη ≤ G(η) ≤ C2
maxη, for |η| large. We believe however that the latter requirement on the

growth of G may be due to our technical approach rather than to the intrinsic nature of the problem.
Equations of type (1) generate a variety of dynamical patterns, due to the interplay between the linearly unstable

modes and the nonlinearity. The class of equation (1) includes, for example, the Kawahara equation [14] (a.k.a. the
generalized KS equation)

ut +
1
2

u2
x = −uxx + γ uxxx − uxxxx ,

describing waves on the surface of a viscous film.
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Another instance of (1) is the recently introduced nonlocal equation modelling cellular flames:

ut +
1
2

u2
x = uxx + α(I − A)u,

where A := (I − ∂2
x )−1. In [2,1] we demonstrated that it generates a cellular–chaotic dynamics. Yet another example

is the nonlocal KS equation (see [12,8]) for the flame dynamics in the limit of a small thermal expansion.
By using the technique developed in [2], on the basis of the ideas of [4,7], we are able to remove the reflection

invariance restriction of [11]. For the broader class of equation (1) (or rather for its differentiated with respect to
x version), we demonstrate existence of an absorbing set, compactness, and finite Hausdorff dimensionality of the
attractor.

At the core of the work is the proof of the uniform boundedness of solutions (Theorem 2.4). The proof employs a
Gårding inequality for the linear part and a Poincaré type inequality that controls the behavior of the nonlinear part.
The bound in H0 can be extended to the bounds in all H s with 0 < s ≤ m. Stability in all H s with 0 < s ≤ m
automatically guarantees compactness of the dynamical system under consideration in any H s with 0 ≤ s < m.

In the last section of the letter we briefly discuss the Hausdorff dimension of the attractor. The calculations follow
a fairly well-established path of the trace estimation (see e.g. [13]); we did not attempt, however, to obtain necessarily
the lowest estimate (cf. [6,3] for the KS equation), opting for the transparency of presentation.

A detailed presentation of the results announced in this letter will appear in [5].

2. Absorbing set

It is more convenient (and rather conventional) to study the initial value problem for the Eq. (1) differentiated with
respect to x

ut + [G(u)]x = P(D)u (2)

u(x, 0) = u0(x), u0 ∈ Ḣ0
per

in the Sobolev spaces of (L)-periodic functions with zero mean denoted by Ḣ s
per. In this section we show that solutions

of the problem in (2) belong to L∞([0, ∞); Ḣ0
per).

We assume that P is an elliptic pseudo-differential operator with the symbol p(ξ),

p(ξ) = −C |ξ |
2m

+ p1(ξ), m ≥ 1 (3)

|p1(ξ)| ≤ c |ξ |
m̃ for |ξ | large, m̃ < 2m.

P is assumed to preserve the subspace of the zero-mean functions.

Remark 2.1. It is not difficult however to modify all the proofs for any classical elliptic pseudo-differential operator
with periodic coefficients such that it preserves the space of zero-mean functions. It is also not difficult to extend
somewhat the class of acceptable operators to the operators of the form

P = P0 +P1

where P1 is an abstract linear operator (not necessarily a pseudo-differential one) in Ḣ0
per that satisfies the inequality

|〈P1u, u〉| ≤ ρ ‖u‖
2
H m̃

(cf. [11]). Here 〈., .〉 is the H0 inner product. Again P1 is assumed to preserve the space of zero-mean functions. Note
that because of the specifics of the proof in [11], the operator there is required to be an even function of D alone.

The nonlinearity is assumed to satisfy

cminη
2

≤ G(η) ≤ Cmaxη
2,

∣∣G ′(η)
∣∣ ≤ MG |η| , for |η| large (4)

for some constants cmin, Cmax, and MG . It is obvious that in this case for all η,

G(η) = G0(η) + G1(η), cminη
2

≤ G0(η) ≤ Cmaxη
2, (5)

supp G1 < ∞, |G1(η)| ≤ γ.
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Ellipticity allows us to use a Gårding type inequality: for P as defined in (3) there exist constants c0, α such that
for u ∈ Hm

per(L),

Re 〈Pu, u〉 ≤ −c0 ‖u‖
2
Hm + α ‖u‖

2 . (6)

For simplicity (to avoid dealing with real parts) we shall assume that P is a real operator.
The following modification of the lemma from [7, Proposition 1] is used in treatment of the nonlinear terms.

Lemma 2.2. Let b ∈ C∞ be the Sobolev’s mollifier

b(x) =

0, |x | > ε
a0

ε
B exp

[
−

1

1 − (x/ε)2

]
, |x | ≤ ε

where a0 is such that the area equals B. Then for any u ∈ H1∫
b(x)G(u(x))dx ≤ Cmax

(
4
B

〈ub〉
2
+ Bε′

∫
u′(x)2dx

)
(7)

where ε′
= 32ε (a0/e)2, 〈ub〉 =

∫
b(y)u(y)dy.

Remark 2.3. It follows easily from the scaling of b(x) that for any real k ≥ 0∥∥∥Dkb
∥∥∥2

≤ C B2/ε2k+1 (8)

where for non-integer k the derivative is defined through the Fourier series.

The main result of this section is the following a priori estimate:

Theorem 2.4 (Existence of an Absorbing Ball). For any solution u of (2)

lim sup
t→∞

‖u(., t)‖ ≤

{
Ca L2m+3/2 if L > L0 := 4Cmaxcmin/(α + 1)

Ca L2m+3/2
0 if L ≤ L0

(9)

where Ca is a universal constant; ‖.‖ is the H0-norm.

Proof. Let s be a fixed, sufficiently smooth periodic function with 0 mean (to be selected later). Introduce y(t) as a
solution of the initial value problem for the ODE:

ẏ(t) =

∫
u(x, t)s′(x + y(t))dx, y(0) = 0

where u(x, t) is a given solution of (2). Consider the curve of the shifts s(. + η) of s, 0 ≤ η ≤ L , and let

Φ(t) :=
1
2

∫ L/2

−L/2
[u(x, t) − s(x + y(t))]2dx .

We compute the derivative of Φ and substitute ut from (2) to obtain

d
dt

Φ(t) =

∫
uP(u) +

∫
sG ′(u)ux − ẏ

∫
us′

−

∫
sPu.

Note that both
∫

ss′
= 0 and

∫
G ′(u)ux u = 0. In the calculations we keep the notation s for the shifted function

s(. + y(t)) and s0 for s(. + 0). Using the definition of ẏ, we continue the estimate:

≤
Gårding

−c0 ‖u‖
2
Hm + α ‖u‖

2
− 〈us′

〉
2
+

∫
sG ′(u)ux +

∫
uP∗s

≤ −c0 ‖u‖
2
Hm + α ‖u‖

2
− 〈us′

〉
2
−

∫
s′G(u) +

1
2

∥∥P∗s
∥∥2

+
1
2

‖u‖
2 . (10)
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By (5), the nonlinearity can be estimated as follows:

−

∫
s′G(u) = −

∫
s′G0(u) −

∫
s′G1(u) ≤

Schwarz
−

∫
s′G0(u) +

∥∥s′
∥∥ γ L1/2. (11)

Further we have(
α +

1
2

)
‖u‖

2
= −

1
2

‖u‖
2
+ (α + 1) ‖u‖

2
≤ −

1
2

‖u‖
2
+

α + 1
cmin

∫
G0(u). (12)

Therefore we can continue the estimate in (10) as follows:

1
2

d
dt

‖u − s‖2
≤

(11)–(12)
−c0 ‖u‖

2
Hm − 〈us′

〉
2
−

1
2

‖u‖
2
+

∫ (
α + 1
cmin

− s′

)
G0(u) +

1
2

∥∥P∗s
∥∥2

+
∥∥s′

∥∥ L1/2γ.

Next we will force the factor in front of G0 to be exactly the function b defined in the lemma: (α + 1)/cmin − s′

:= β − s′
= b(x). To guarantee s being periodic one needs

∫
s′

= 0, which implies the choice of B = βL; as an easy
consequence, 〈ub〉 = −〈us′

〉.
Thus,

1
2

d
dt

‖u − s‖2
≤ −c0 ‖u‖

2
Hm − 〈us′

〉
2
−

1
2

‖u‖
2
+

∫
bG(u) +

∥∥s′
∥∥ L1/2γ +

1
2

∥∥P∗(s)
∥∥2

≤
(7)

−

(
1 −

4Cmax

B

)
〈ub〉

2
− c0 ‖u‖

2
Hm + Bε′Cmax

∫
u2

x dx −
1
2

‖u‖
2
+

1
2

∥∥P∗(s)
∥∥2

+
∥∥s′

∥∥ L1/2γ

≤
(
−c0 + Bε′Cmax

)
‖u‖

2
Hm −

1
2

‖u‖
2
+

1
2

∥∥P∗(s)
∥∥2

≤ −
1
2

‖u‖
2
+

1
2

∥∥P∗(s)
∥∥2

+
∥∥s′

∥∥ L1/2γ

≤
Triangle inequality

−
1
4

‖u − s‖2
+

1
2

‖s‖2
+

1
2

∥∥P∗(s)
∥∥2

+
∥∥s′

∥∥ L1/2γ.

Here we assumed 4Cmax ≤ βL (i.e., L is sufficiently large) and selected ε′ so that ε′ BCmax = c0.
Next we note that s(x) =

∫ x
0 s′

=
∫
(β − b(x)) = βx −

∫ x
0 b(x) := βx − g(x) ‖s‖2 and estimate ‖s‖2 as follows:

‖s‖2
≤ 2 ‖βx‖

2
+ 2 ‖g‖

2
≤

2
3
β2L3

+ 2β2L3
=

8
3
β2L3. (13)

By (8)∥∥P∗(s)
∥∥2

≤ C B2/ε4m+1
= C L4m+3

(note that ε in (8) is proportional to ε′ above), and
∥∥s′

∥∥ ≤ C L5/2. Thus

1
2

d
dt

‖u − s‖2
≤ −

1
4

‖u − s‖2
+

1
2

‖s‖2
+

∥∥s′
∥∥ L1/2γ +

1
2

∥∥P∗(s)
∥∥2

≤ −
1
4

‖u − s‖2
+ C L4m+3

+ C L3
≤ −

1
4

‖u − s‖2
+ C Lν

where ν = 4m + 3. Finally from the Gronwall Lemma we get

‖u − s‖2
≤ ‖u0 − s(x)‖2 exp

(
−

1
2

t

)
+ 2C Lν

[
1 − exp

(
−

1
2

t

)]
= (‖u0 − s(x)‖2

− 2C Lν) exp
(

−
1
2

t

)
+ 2C Lν,

showing the exponential approach to the absorbing set. This inequality can be rearranged as

‖u‖ ≤ ‖u − s‖ + ‖s‖ ≤ (‖u0 − s‖2
− 2C Lν)1/2 exp

(
−

1
4

t

)
+

√
2C Lν

+
(13)

Cs L3/2

≤ (‖u0 − s‖2
− 2C Lν)1/2 exp

(
−

1
4

t

)
+ Ra (14)

where Ra :=
√

2C Lν/2
+ Cs(L)3/2 < Ca Lν/2 and Ca is an absolute constant.
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So far the uniform estimate (14) has been obtained for L sufficiently large, L > L0. For smaller values of L one
can view a periodic function of period L as periodic with the period kL > L0 and therefore the estimate holds.

Corollary 2.5. Let B0 = {‖u0‖ ≤ R0} and u(., t) be a solution of (2) with u(., 0) = u0. Then
(i) For all t > 0, ‖u(., t)‖ ≤ R0 + 2Ra . (ii) For any ε there exists t0 so that ‖u(., t)‖ ≤ Ra + ε for any t > t0.

Thus Ba = {‖u‖ ≤ Ra + ε} is an absorbing set in Ḣ0
per.

3. Compact attractor and its dimension

In this section we briefly outline further properties of the dynamics that can be derived from the existence of the
absorbing set in Ḣ0

per. The proofs are omitted and will appear elsewhere [5]. First, one can show that an absorbing set
exists in any Ḣ s

per with s ≤ m. This implies that for the problem (2) there exists a compact attractor in any Ḣ s
per with

s < m, which is obtained as an ω-limit of the absorbing set, since its orbit is precompact in Ḣ s
per. The latter is based

upon the following a priori estimate.

Theorem 3.1. (Estimate for the m-th Derivative). For any t > 0, and any r > 0,∥∥∂mu(., t + r)
∥∥2

≤
R2

c0

(
α +

1
r

)
exp

(
2M

R2

c0
(αr + 1) + 2αr

)
(15)

where R = ‖u (., 0)‖ + 2Ra and M is an absolute constant, M = L M2
G/(4c0). Consequently,

lim sup
t→∞

‖u(., t)‖H s ≤ Rm (16)

uniformly for any ball ‖u(., 0)‖H0 ≤ R, s ≤ m. Here Rm is a universal constant.

Through a rather standard argument the estimates in (9) and (16) yield:

Theorem 3.2. The initial value problem (2) possesses a maximal, connected, compact attractor in Ḣ s
per for any s < m.

To obtain the estimate on the Hausdorff dimension of the attractor we study evolution of the infinitesimal volume
along the trajectories in the attractor. We demonstrate that for a sufficiently large N , the N -dimensional volume decays
exponentially. In the outline the argument regarding the Hausdorff dimension of the attractor follows quite closely the
ideas presented in [13].

Theorem 3.3. For the linearized evolution, the n-dimensional volume in the sense of H k, k ≤ m − 1, decays
exponentially in time for sufficiently large n.

Remark 3.4. The value of the dimension N in the sense of H k, 1 ≤ k ≤ m −1, obtained above depends on K , which
is expressed through Rm and therefore is exponential in L . If the nonlinearity is purely quadratic, G(u) = u2/2, or a
finitely supported perturbation of such: G(u) = u2/2 + G1(u), supp G1 < ∞, then it is easy to obtain a polynomial
estimate.

Remark 3.5. Further, if the dimension is evaluated in the H0-norm (k = 0 in the statement of Theorem 3.3), then
a polynomial dimension estimate can be obtained for the general G defined in (4). We have the corresponding
asymptotics for large L:

n ∼ M2/(2m−1)
G L(8m+1)/(2m−1).

Note that as the strength of dissipativity (the order 2m of the operator P) increases, the effect of the particular shape
of the nonlinearity, represented here by the MG-factor, becomes less pronounced.

The trace estimate described above together with the rather routine differentiability of the evolution semigroup
(cf. [13, Sec. V.3.3]) allows us to state the following

Theorem 3.6. The Hausdorff dimension of the attractor for the problem (2) is finite.
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